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Abstract
For a graph G of size m>1 and edge-induced subgraphs F and H of size r (16r6m), the
subgraph H is said to be obtained from F by an edge jump if there exist four distinct vertices
u; v; w; and x in G such that uv 2 E(F), wx 2 E(G)−E(F), and H =F−uv+wx. The minimum
number of edge jumps required to transform F into H is the jump distance from F to H . For
a graph G of size m>1 and an integer r with 16r6m, the r-jump graph Jr(G) is that graph
whose vertices correspond to the edge-induced subgraphs of size r of G and where two vertices
of Jr(G) are adjacent if and only if the jump distance between the corresponding subgraphs is
1. For k>2 and r>1, the kth iterated r-jump graph J kr (G) is dened as Jr(J
k−1
r (G)), where
J 1r (G) = Jr(G). An innite sequence fGig of graphs is planar if every graph Gi is planar.
All graphs G for which fJ kr (G)g (r = 1; 2) is planar are determined and it is shown that if the
sequence fJ kr (G)g is nonplanar, then limk!1 gen(J kr (G))=1, where gen(G) denotes the genus
of a graph G. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Several distances between edge-induced subgraphs in a graph have been studied
which involve transformations. For a graph G of size m>1, let F and H be two
edge-induced subgraphs of size r (16r6m) in G. The subgraph H can be obtained
from F by an edge rotation if there exists distinct vertices u; v; and w in G such that
uv2E(F); uw2E(G) − E(F), and H = F − uv + uw. The minimum number of
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edge rotations required to transform F into H is called the rotation distance from F
to H . The subgraph H can be obtained from F by an edge move if there exist (not
necessarily distinct) vertices u; v; w, and x in G such that uv2E(F); wx2E(G)−E(F),
and H = F − uv+ wx. The minimum number of edge moves required to transform F
into H is the move distance from F to H . Both distances are well-known metrics on
the space of edge-induced subgraphs of a xed size in a graph. The concept of edge
rotation was used to describe transformations between graphs in [6] and edge move
was used to describe transformations between graphs in [1,2,8].
Another type of transformation between edge-induced subgraphs was described in
[5]. For a graph G of size m>1 and edge-induced subgraphs F and H of size r
(16r6m), we say that H is obtained from F by an edge jump if there exist four
distinct vertices u; v; w, and x in G such that uv 2 E(F); wx2E(G) − E(F), and
H = F − uv + wx. We say that F can be j-transformed into H if H can be obtained
from F by a sequence of edge jumps. The minimum number of edge jumps required
to j-transform F into H is called the jump distance dj(F;H) from F to H . It was
shown in [5] that if G is a connected graph of order at least 5 and size m and if r
is an integer with 16r6m, then the jump distance is a metric on the space of all
edge-induced subgraphs of G of size r.
The concept of an edge jump was introduced in [3] to describe transformations be-
tween graphs. The Dugundji{Ugi principle of chemical distance provides an illustration
of the distinction between rotation and jump distances. Here the reactants and products
of a chemical reaction are presented as graphs with the possible inclusion of loops
and multiple edges [9,11]. Two distances are involved. The experimental distance is
the sum over the individual steps of the reaction of the number of valence electrons
that participate in each step. The chemical distance corresponds to the move distance
between the graph of the reactants and the graph of the products. The Dugundji{Ugi
principle asserts the equality of the experimental and chemical distances. However,
counterexamples are known to exist. It follows that whenever the rotation distance be-
tween the reactants and products exceeds the move distance, the experimental distance
must exceed the chemical distance. Hence some of the individual steps in determining
the chemical distance must be edge jumps and thus there is a practical reason to study
jump distance.
As edge rotations give rise to line graphs, edge jumps give rise to jump graphs [5].





subgraphs of size r in G, and where vertices F and H are adjacent in Jr(G) if and only
if dj(F;H) = 1. The graph J1(G) = J (G) is called the jump graph of G. To illustrate
these concepts, we show a graph G and its jump graph J1(G) and 2-jump graph J2(G)
in Fig. 1.
More simply, the jump graph J (G) of a graph G is that graph whose vertices can
be put in one-to-one correspondence with the edges of G such that two vertices of
J (G) are adjacent if and only if the corresponding edges of G are nonadjacent. Hence,
J (G) = L(G), where L(G) is the line graph of G.
In [13] Sedlacek characterized the planar graphs having a planar line graph.
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Fig. 1. The jump graph and 2-jump graph of a graph.
Fig. 2. The jump graphs and second iterated jump graphs of two graphs.
Theorem A. Let G be a planar graph. Then L(G) is planar if and only if degG v64
for every vertex v of G and if degG v= 4, then v is a cut-vertex.
Throughout this paper we will use Kuratowski’s famed characterization [10] of planar
graphs.
Theorem B. A graph is planar if and only if it contains no subgraph isomorphic to
K5 or K3;3 or a subdivision of one of these graphs.
The following result appeared in [7].
Theorem C. If a connected graph G has a planar jump graph, then G is planar.
2. Planar sequences of iterated jump graphs
For k>2, the kth iterated jump graph J k(G) is dened as J (J k−1(G)), where
J 1(G) = J (G). For the graphs Gi; i = 1; 2, of Fig. 2, the jump graphs J (Gi) and
second iterated jump graphs J 2(Gi) are shown.
An innite sequence fGig of graphs is said to converge (see [4]) if there exists a
graph G and a positive integer N such that Gi =G for all i>N . The graph G is then
called the limit graph of the sequence fGig. An innite sequence does not converge,
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Fig. 3. The graphs C5 and cor(K3).
Fig. 4. Graphs G for which fJ k (G)g terminates.
then it is said to diverge. A nite sequence fGig is said to terminate. The following
theorems appeared in [5]. Let cor(K3) denote the corona of K3, which is the graph
obtained by adding a pendant edge to each vertex of K3. This graph as well as the
5-cycle C5 are shown in Fig. 3.
Theorem D. The sequence fJ k(G)g converges if and only if G=C5 or G= cor(K3).
Theorem E. Let G be a connected graph. The sequence fJ k(G)g terminates if and
only if G is a subgraph of one of the graphs Gi (16i66) of Fig. 4 or is a subgraph
of Hn = K1; n + e for some n>5.
In this section, we are primarily concerned with graphs G for which J k(G) is dened
for every positive integer k. A property of such graphs is presented next.
Lemma 2.1. If G is a graph for which J k(G) is dened for every positive integer k,
then J 2(G) has exactly one nontrivial component.
Proof. Assume, to the contrary, that there exists some graph G for which J k(G) is
dened for every positive integer k and such that J 2(G) contains two nontrivial compo-
nents G0 and G00. Then G0 and G00 contain edges uv and xy, respectively. Consequently,
J (G) contains edges u; v; x; y with (1) u and v (and x and y) are not adjacent and (2)
each of u and v is adjacent to x and y. This produces the 4-cycle shown in Fig. 5.
Since fJ k(G)g is dened for every positive integer k, it follows that J 2(G) must
contain other vertices (and edges), implying that J (G) contains other edges. If J (G)
contains an edge w that is not adjacent to at least one of u and v as well as not
adjacent to at least one of x and y, then the vertex w is adjacent to both a vertex of
G0 and a vertex G00, which is impossible. Hence all other edges of J (G) are adjacent
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Fig. 5. Edges u; v; x; y in J (G) and edges uv and xy in J 2(G).
to all of u; v; x; y, which implies that J (G) has a single nontrivial component H that is
a subgraph of the graph G2 of Fig. 4. Thus, J 2(G) = J (H). By Theorem E, fJ k(H)g
terminates. Thus fJ k(G)g terminates, producing a contradiction.
By Theorem E and Lemma 2.1, we can restrict our attention to connected graphs
that are not subgraphs of any of the graphs of Fig. 4.
An innite sequence fGig is dened to be is planar if every graph Gi is planar;
otherwise, fGig is nonplanar. In this section we determine all connected graphs G
such that fJ k(G)g is planar. The following lemmas will be useful.
Lemma 2.2. Let G be a connected graph with a pendant edge e=uv, where degG v=1,
and let H be the graph obtained by identifying v with a vertex of G that is not
adjacent to u. If fJ k(H)g is nonplanar, then fJ k(G)g is nonplanar.
Proof. Since there is a natural one-to-one correspondence between the edges of H
and the edges of G with the property that every two nonadjacent edges in H are not
adjacent in G, it follows that J (H) is a subgraph of J (G), yielding the result.
Lemma 2.3. If G is a graph containing two disjoint subgraphs F and H; one of
size 2 and the other of size 3; then fJ k(G)g is nonplanar.
Proof. Since G contains the subgraphs F and H , it follows that J (G) contains K2;3 as
a subgraph. The jump graph J (K2;3) contains a 6-cycle as a subgraph, implying that
J 3(G) contains the Cartesian product K3  K2 as a subgraph, and so J 4(G) contains
K3;3 as a subgraph. Therefore, fJ k(G)g is nonplanar.
Corollary 2.4. If G is a graph containing a cycle of length 6 or more; then fJ k(G)g
is nonplanar.
We are now prepared to present the main result of this section.
Theorem 2.5. Let G be a connected graph such that J k(G) is dened for every
positive integer k. Then the sequence fJ k(G)g is planar if and only if G = C5 or
G = cor(K3).
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Fig. 6. Two graphs of size 6 containing a 5-cycle.
Fig. 7. Graphs Fi (16i65) for which fJ k (Fi)g is nonplanar.
Proof. First assume that G = C5 or G = cor(K3). Since J (G) = G, it follows that the
sequence fJ k(G)g is planar. For the converse, assume that G is a connected graph for
which J k(G) is dened for every positive integer k and G 6= C5; cor(K3). Thus, by
Theorem E, G is not a subgraph of any of the graphs in Fig. 4. If G contains a cycle
of length 6 or more, then fJ k(G)g is nonplanar by Corollary 2.4. Thus we consider
the following cases.
Case 1: The length of a largest cycle in G is 5. Since G is not C5, it follows
that G contains at least one of the graphs H1 and H2 of Fig. 6 as a subgraph. Since
J (H2) = H1 and J (H1) contains a 6-cycle, it follows that fJ k(G)g is nonplanar.
Case 2: The length of a largest cycle in G is 4. We consider three subcases.
Subcase 2.1: G contains no triangles. Since G is not a subgraph of the graph G3
(or of G4) in Fig. 4, it follows that G contains at least one of the graphs Fi (16i65)
of Fig. 7 as a subgraph. Now J (F1) contains the graph H1 of Fig. 4 as a subgraph.
Also, each of J (F2), J (F3), and J (F4) contains a 6-cycle, and J (F5)=F2: So fJ k(G)g
is nonplanar.
Subcase 2.2: G contains a 4-cycle C4 that has at least one chord. Assume rst
that C4 contains exactly one chord. Since G 6= G3; G4 of Fig. 4, it follows that G
must contain at least one of the graphs Fi (16i65) of Fig. 7 as a subgraph, and
once again fJ k(G)g is nonplanar. Thus C4 contains two chords. Again, G 6= K4, which
is the graph G2 of Fig. 4. Then G contains K4 with a pendant edge e. Since J 2(G)
contains a 6-cycle, fJ k(G)g is nonplanar.
Subcase 2.3: G contains a 4-cycle C4 with no chord and a 3-cycle C3. Necessarily,
C3 and C4 are edge-disjoint and have at most one vertex in common. Then G contains
disjoint subgraphs of size 2 and 3, implying, by Lemma 2.3, that fJ k(G)g is nonplanar.
Case 3: The only cycles in G are triangles. There are two subcases.
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Fig. 8. The graphs G0 and G00.
Fig. 9. Graphs Ai with a unique triangle such that fJ k (Ai)g is nonplanar.
Subcase 3.1: G contains more than one triangle. If G contains two disjoint triangles,
then, by Lemma 2.3, fJ k(G)g is nonplanar. Otherwise, since G is not the graph G1
of Fig. 4, G contains at least one of the graphs G0 and G00 of Fig. 8 as a subgraph.
Since each of G0 and J (G00) contains disjoint subgraphs of sizes 2 and 3, it follows
by Lemma 2.3 again that fJ k(G)g is nonplanar.
Subcase 3.2: G contains exactly one triangle. Since G 6= cor(K3) and G is not a
subgraph of any of G5; G6; Hn of Fig. 4, G contains at least one of the graphs Ai
(16i68) shown in Fig. 9 as a subgraph.
By Lemma 2.3, the sequence fJ k(Ai)g is nonplanar for the graphs Ai (16i66) of
Fig. 9. In A7 and A8, we identify w and v to produce graphs B7 and B8, respectively.
Since B7 contains the graph H2 in Fig. 6 and B8 contains the graph G00 in Fig. 8, it
follows that fJ k(Ai)g is nonplanar for i = 7; 8 as well.
Case 4: G is a tree. Since every star is a subgraph of Hn of Fig. 3 for some n>4 and
fJ k(G)g does not terminate, the tree G is not a star and therefore its diameter satises
diamG>3. Since the jump graph of every path of length 5 or more contains the graph
H2 of Fig. 6 as a subgraph, it follows that fJ k(G)g is nonplanar if diamG>5. What
remains then are trees G with 36diamG64. If diamG = 3, then G is a double star.
Let u and v be the vertices of G that are not end-vertices. Since G is not a subgraph
of G5 or Hn of Fig. 4, we may assume that deg v>3 and deg u>4. By Lemma 2.3,
fJ k(G)g is nonplanar. Otherwise, diamG=4. Let P: v1; v2; v3; v4; v5 be a path of length
4 in G. We consider three subcases.
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Fig. 10.
Fig. 11.
Subcase 4.1: deg v3 = 2. Assume rst that exactly one of v2 and v4 has degree 3,
while the other has degree 2. Then J (G) is a subgraph of the graph G3 of Fig. 4 and
so fJ k(G)g terminates. If (1) deg v2>3 and deg v4>3 or (2) deg v2>4 or deg v4>4,
then fJ k(G)g is nonplanar by Lemma 2.3.
Subcase 4.2: deg v3=3. Assume rst that deg v2=deg v4=2. Then G is a subgraph of
the graph G6 of Fig. 4 and so fJ k(G)g terminates. Otherwise, deg v2>3 or deg v4>3.
Again, fJ k(G)g is nonplanar by Lemma 2.3.
Subcase 4.3: deg v3>4. G contains the subgraph shown in Fig. 10. Identifying v and
w gives us a graph containing the graph F5 of Fig. 7 as a subgraph. Hence fJ k(G)g
is nonplanar by Lemma 2.2.
This completes the proof.
The following corollary is an immediate consequence of Theorems D and 2.5.
Corollary 2.6. Let G be a connected graph. Then the sequence fJ k(G)g is planar if
and only if fJ k(G)g converges.
Lemma 2.7. (a) Let F be a subdivision of Kk; k>5. Then the jump graph J (F)
contains a subgraph isomorphic to a subdivision of K3;3.
(b) Let H be a subdivision of Kk;k ; k>3. Then the jump graph J 2(H) contains a






Proof. We rst verify (a). The graph K5 and a subgraph of J (K5) that is isomorphic
to a subdivision of K3;3 are shown in Fig. 11 and so the result follows.
Next we verify (b). Let the partite sets of Kk;k be V1 = fu1; u2; : : : ; ukg and V2 =
fv1; v2; : : : ; vkg. Then S1=fu1v1; u2v2; : : : ; ukvkg and S2=fu2v1; u3v2; : : : ; ukvk−1; u1vkg are
two disjoint independent subsets of E(Kk;k). Let W1=S1[fu1v2g and W2=S2[fu2vkg.
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Then J (Kk;k) contains two disjoint subgraphs F1 and F2 with V (Fi)=Wi, i=1; 2; such
that both F1 and F2 are isomorphic to a graph obtained from Kk by adding a new vertex













Let gen(G) denote the genus of a graph G. The following result is due to Ringel
[12].












Proof. Since G is nonplanar, G contains K5 or K3;3 a subgraph or a subdivision of
one of these. In either case, the jump graph J (G) contains a subdivision of K3;3. Then
the result follows by Lemma 2.7 and Theorem F.
Theorem 2.9. Let G be a connected graph. Then limk!1 gen(J k(G)) exists if and
only if limk!1 gen(J k(G)) = 0 and G = C5 or G = cor(K3).
Proof. We rst assume that G=C5 or G=cor(K3). Since J (G) =G and gen(G) = 0,
it follows that limk!1 gen(J k(G))= 0. Therefore, limk!1 gen(J k(G)) exists. For the
converse, assume that limk!1 gen(J k(G)) exists. By Corollary 2.8, J k(G) is planar
for all k 2 N, that is, the sequence fJ k(G)g is planar. Then G = C5 or G = cor(K3)
by Theorem 2.5 and so the result follows.
Corollary 2.10. Let G be a connected graph. If the sequence fJ k(G)g diverges; then
limk!1 gen(J k(G)) =1:
3. Planar sequences of iterated 2-jump graphs
In this section, we determine all graphs G such that fJ k2 (G)g is planar. Hence, we
are concerned only with those graphs G for which J k2 (G) is dened for every positive
integer k. It is straightforward to show that if J k2 (G) is dened for every positive
integer k, then J 22 (G) is connected unless G = C4. Hence we may again restrict our
discussion to connected graphs.
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Fig. 12. The seven graphs of Theorem G.
Recall that it was shown in [5] for a connected graph G, J (G) = G if and only if
G = C5 or G = cor(K3). These two graphs are, of course, precisely the two connected
graphs G such that the sequence fJ k(G)g is planar. It is natural therefore to seek those
connected graphs G for which J2(G) =G. However, the graphical equation J2(G) =G
has no solution for a connected graph G, for assume, to the contrary, that there exists









. Since m>n− 1, we cannot have n= (m2 . The
following result appeared in [7].
Theorem G. Let G be a connected graph that is not a star. Then the graph J2(G)
is planar if and only if G is a subgraph of one of the seven graphs in Fig. 12.
Since the cycle Cn of order n>5 is not a subgraph of any of the graphs of Fig. 12,
J2(Cn) is nonplanar for all n>5. There are three useful consequences of Theorem G.
Corollary 3.1. If G is a nonplanar graph; then J2(G) is nonplanar.
Proof. If G is nonplanar, then G contains either K5; K3;3 or a subdivision of one of
these graphs. This implies that G is not a subgraph of any of the graphs in Fig. 12.
Therefore, J2(G) is nonplanar by Theorem G.
We write 2H to denote two disjoint copies of a graph H .
Corollary 3.2. If G contains two disjoint subgraphs of size 2; then fJ k2 (G)g is non-
planar.
Proof. Since J2(2P3) = K2;4, it follows that J2(G) contains K2;4 a subgraph. By
Theorem G, J 22 (G) is nonplanar and so fJ k2 (G)g is nonplanar.
Corollary 3.3. If G contains a path of length 4; then fJ k2 (G)g is nonplanar.
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Fig. 13. The graph P5 and J2(P5).
Fig. 14. The graphs C4 and J2(C4).
Proof. If G contains a path of length 4, then J2(G) contains disjoint two subgraphs of
size 2 (indicated in bold lines in Fig. 13). Hence fJ k2 (G)g is nonplanar by Corollary
3.2.
We are now prepared to determine all connected graphs G such that fJ k2 (G)g is
planar.
Theorem 3.4. If G is a connected graph such that J k2 (G) is dened for every positive
integer k; then the sequence fJ k2 (G)g is planar if and only if G = C4.
Proof. First assume that G=C4. Then the 2-jump graph J2(C4) is the union of C4 and
two isolated vertices (shown in Fig. 14) and so J k2 (C4)=J
k−1
2 (C4) for k>2. Therefore,
fJ k2 (G)g is planar.
For the converse, assume that G 6= C4 is a connected graph for which J k2 (G) is
dened for all positive integers k. We show that fJ k2 (G)g is nonplanar. Assume that
J2(G) is planar. Then by Theorem G and Corollary 3.1, either G is a star or G is
a subgraph of one or more of the graphs Gi (16i67) of Fig. 12. Since for each
star G, the jump graph J 22 (G) does not exist, we may assume that G is a subgraph
of some graph Gi (16i67) of Fig. 12. By Corollary 3.3, diamG63. Moreover, G
cannot contain any cycle of order 5 or more. We consider three cases.
Case 1: G is a tree. Consequently, G is a double star. Let u and v be the vertices
of G that are not end-vertices. If deg u>3 and deg v>3, then G contains two disjoint
subgraphs of size 2 and so fJ k2 (G)g is nonplanar by Corollary 3.2. So we may assume
that at least one of u and v has degree 2, say deg v= 2. If deg u>3, then G contains
the tree T of Fig. 15 as a subgraph. Since the 2-jump graph J2(T ) contains the two
disjoint subgraphs of size 2 shown in Fig. 15, it follows by Corollary 3.2 that fJ k2 (G)g
is nonplanar. Hence deg u= deg v= 2 and so G = P4. However, J 22 (P4) does not exist
and so fJ k2 (G)g is not planar.
Case 2: G contains a triangle but not 4-cycle. Since G contains no 4-cycle and no
path of length 4, it follows that G has a unique triangle. Let v1; v2; v3 be the vertices
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Fig. 15. The tree T and J2(T ).
Fig. 16. The graphs F1; F2 and F3 in Case 2.
Fig. 17. The graph H1; H2 and J2(H2) in Case 3.
of this triangle. If G = C3, then J 22 (G) does not exist. On the other hand, if at least
two of v1; v2 and v3 have degree 3 or more, then G contains a path of length 4 and
so fJ k2 (G)g is nonplanar by Corollary 3.3. So we may assume that exactly one of
v1; v2 and v3 has degree 3 or more. Hence G contains a subgraph isomorphic to one
of graphs F1; F2, and F3 in Fig. 16. Since (1) J 22 (F1) does not exist, 2) F2 contains a
subgraph T of Fig. 15, and (3) F3 contains a path of length 4, it follows that fJ k2 (G)g
is nonplanar.
Case 3: G contains a 4-cycle. Since G 6= C4, the graph G contains a subgraph
isomorphic to one of the graphs H1 and H2 of Fig. 17. Since H1 contains a path of
length 4 and J2(H2) contains two disjoint subgraphs of size at least 2, fJ k2 (G)g is
nonplanar by Corollaries 3.2 and 3.3.
Next, we show that if G is nonplanar, then the genus of J k2 (G) approaches innity
as k approaches innity. In order to do this, we need some preliminary results. The
following theorem appeared in [7].
Theorem H. If a graph H is a subdivision of a graph G; then J2(H) contains a
subgraph isomorphic to J2(G).
Lemma 3.5. The graph J 22 (K5) contains a subgraph isomorphic to K14;15.
Proof. The 2-jump graph J2(C5) of C5 is a subdivision of K5 of size 15 (shown
in Fig. 18). Since K5 contains two edge-disjoint subgraphs isomorphic to C5, it fol-
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Fig. 18. The graph C5 and J2(C5).
lows that J2(K5) contains two disjoint subgraphs H1 and H2 isomorphic to J2(C5).
Let E(H1) = fe1; e2; : : : ; e15g and E(H2) = ff1; f2; : : : ; f15g. Then J 22 (K5) contains a
subgraph isomorphic to K14;15 whose partite sets are V1 = fe1e2; e1e3; : : : ; e1e15g and
V2 = fe1f1; e1f2; : : : ; e1f15g, as desired.
Lemma 3.6. For r>6; the 2-jump graph J2(Kr;r) contains Kdr=2e2−1;br=2c2 as a
subgraph.
Proof. Let V1=fu1; u2; : : : ; urg and V2=fv1; v2; : : : ; vrg be the partite sets of Kr;r . Also,
let S1 = fu1; u2; : : : ; udr=2e; v1; v2; : : : ; vdr=2eg and S2 = V (Kr;r) − S1. Then the subgraphs
F1 = hS1i and F2 = hS2i are disjoint subgraphs in Kr;r , where F1 is isomorphic to
Kdr=2e;dr=2e and F2 is isomorphic to Kbr=2c;br=2c. Let E(F1) = fe1; e2; : : : ; edr=2e2g and
E(F2)=ff1; f2; : : : ; fbr=2c2g. Then the 2-jump graph J2(Kr;r) contains Kdr=2e2−1;br=2c2 as
a subgraph whose partite sets are U1=fe1e2; e1e3; : : : ; e1edr=2e2g and U2=fe1f1; e1f2; : : : ;
e1fbr=2c2g.
Theorem 3.7. If G is a nonplanar connected graph; then
lim
k!1
gen(J k2 (G)) =1:
Proof. If G is nonplanar, then G contains either a subdivision of K5 or a subdivision of
K3;3. In either case, G contains a cycle Cn with n>5. By Theorem H, J2(G) contains
J2(C5) as a subgraph. Since J2(C5) is a subdivision of K5, it follows by Theorem H
and Lemma 3.5 that the graph J 22 (G) contains a subgraph isomorphic to K14;15. Then
the result follows from Lemma 3.6 and Theorem F.
Theorem 3.8. Let G be a connected graph. Then limk!1 gen(J k2 (G)) exists if and
only if limk!1 gen(J k2 (G)) = 0 and G = C4.
Proof. We rst assume that G = C4. For k>2; J k2 (G) = J
k−1
2 (G), which is the union
of C4 with two isolated vertices. So gen(J k2 (G)) = 0 for all k>1, implying that
limk!1 gen(J k2 (G)) = 0. Therefore, limk!1 gen(J
k
2 (G)) exists. For the converse, as-
sume that limk!1 gen(J k2 (G)) exists. By Theorem 3.7, J
k(G) is planar for all k 2 N,
that is, the sequence fJ k(G)g is planar. Then G=C4 by Theorem 3.4 and so the result
follows.
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Corollary 3.9. Let G be a connected graph. If the sequence fJ k2 (G)g diverges; then
limk!1 gen(J k2 (G)) =1:
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